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A Novel Economic Sharing Model in a Federation of Selfish Cloud Providers
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Abstract—This paper presents a novel economic model to regulate capacity sharing in a federation of hybrid cloud providers
(CPs). The proposed work models the interactions among the CPs as a repeated game among selfish players that aim at
maximizing their profit by selling their unused capacity in the spot market but are uncertain of future workload fluctuations.
The proposed work first establishes that the uncertainty in future revenue can act as a participation incentive to sharing in
the repeated game. We, then, demonstrate how an efficient sharing strategy can be obtained via solving a simple dynamic
programming problem. The obtained strategy is a simple update rule that depends only on the current workloads and a single
variable summarizing past interactions. In contrast to existing approaches, the model incorporates historical and expected future
revenue as part of the VM sharing decision. Moreover, these decisions are not enforced neither by a centralized broker nor by
pre-defined agreements. Rather, the proposed model employs a simple grim trigger strategy where a CP is threatened by the
elimination of future VM hosting by other CPs. Simulation results demonstrate the performance of the proposed model in terms
of the increased profit and the reduction in the variance in the spot market VM availability and prices.

Index Terms—Cloud federation; cloud provider; capacity outsourcing; repeated game; subgame perfect equilibrium
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1 INTRODUCTION

Cloud computing is an emerging paradigm that sub-
stantiates the vision of commodifying computational
power, storage and software services [1], [2]. In such
a vision, software applications of different clients are
executed over the shared cloud which offers its infras-
tructure as-a service (IaaS). Yet, all applications run
in complete isolation through virtual execution en-
vironments or virtual machine (VM) instances which
are seamlessly launched and terminated on the cloud
data centers to host applications of cloud clients on a
per-needed basis. Clients of an IaaS cloud are mostly
service providers ranging from small-scale companies
to world-wide enterprises and web-service providers
but can also represent single users. Unfortunately, one
of the major problems that face the cloud providers
(CPs) is the uncertainty in their workloads; a spike
in the requested VMs may result in higher service
rejection rates and experienced delays by clients due
to congested resources. A straightforward solution to
overcome this problem is to over-provision the avail-
able resources to be able to meet their peak demands.
Yet, this solution may lead to highly under-utilized
capacity during other periods of low demands. A
more efficient solution, followed by hybrid clouds, is
to only guarantee the availability of VMs to a limited
number of clients and plan the cloud capacity to meet
their peak workloads [3]. The CP would then offer
the spare capacity during low utilization periods to
second-class clients in a spot market [4]. These clients
would take advantage of a reduced prices but with
no service availability guarantees. This model has
been successfully adopted by a number of existing
CPs such as Amazon EC2 [5]. Nonetheless, demand
fluctuations of guaranteed-service clients, reflect sim-
ilar variations in spot VM availability, and, in turn,

results in non-predictable request delays, rejections
and termination as well as price fluctuations [6].

Federated clouds [7], depicted by Fig. 1, approach
the CP problem by allowing peer CPs to share their
unused capacities during low demand periods and
borrow spare capacity during peaks, to maximize
their profits and enhance their clients’ experience
[8], [9], with several strategies for capacity sharing
in the federation proposed in [4], [8], [10]). These
efficient schemes help the federated CPs to decide on
outsourcing capacity from other CPs by launching or
migrating VMs on their servers or insourcing capacity
by hosting VMs of clients of other CPs. A number of
these sharing mechanisms employ either pre-defined
or dynamic pricing rules (e.g., [7]) to regulate the
VM hosting exchange among CPs, mostly, with the
objective of maximizing their instantaneous revenues.

To the best of the author’s knowledge, the work
presented in this article is the first to address the
general problem of maximizing the CP’s long-term
revenue where current capacity sharing decisions in
the federation depend on the revenue obtained from
previous sharing decisions as well as on the expected
revenue in the future. To this end, the contributions
of the proposed work can be summarized as follows:

• We derive the capacity sharing strategies that
maximize the long-run revenue of the federation,
dubbed as socially optimal spot market allocations,
and demonstrate their enforcement limitation.

• Using a formulation based on multistage games,
we introduce a set of self-enforceable CPs capacity
sharing strategies that maximize the federation’s
long-term revenue yet can achieve more revenue
than what the individual CP can achieve outside
the federation. We prove that the profit obtained
from the aforementioned repeated game can de-
rive a higher revenue using a simple grim trigger
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punishment strategy.
• We derive a simple update rule to find the sub-

game perfect Nash equilibrium values for the spot
market allocations. This rule is only dependent on
the observed current state and a single variable
that summarizes the history of previous interac-
tions. We also develop a simple dynamic program
that can be employed to obtain the exact values
for these allocations in practice.

The remainder of the paper is organized as follows.
Section 2 discuses related approaches in the literature.
The capacity sharing problem of the cloud federation
is formulated in Section 3. Section 4 is dedicated
to analyzing the federation’s socially optimal rev-
enue and the individual CPs revenues. The proposed
repeated game model is analyzed in Section 5. A
recursive formulation of the optimal strategies is then
introduced in Section 6 while Section 7 discusses how
to numerically obtain these strategies. Finally, the per-
formance of the proposed mechanism is demonstrated
in Section 8 and Section 9 concludes the paper.

2 RELATED WORK

Early approaches to a model of a cloud federation can
be found in [7], [8], [11]. Buyya et al. [1] introduced a
market-oriented VM exchange model among clouds.
The proposed work complements these approaches
by deriving closed form formulations for the sharing
strategies among the CPs that, if followed, leads to
optimal revenues. Federations of hybrid clouds were
also discussed in [10], [12]. Goiri et al. [10] proposed
a novel federation management architecture and fo-
cused on building an accurate revenue function of CPs
when taking one of the following decisions: partici-
pate in the federation by outsourcing or in-sourcing
capacity or turning off spare capacity. Similarly, Toosi
et al. [12] provided a comprehensive analysis of the
related costs and revenue associated with the various
decisions of the CP in the federation.

A mechanism to dynamically allocate resources of
distributed data centers among different spot markets
with the objective of maximizing the total revenue is
introduced in [13]. Similar to the proposed approach,
the authors necessitate the need to model or forecast
the CPs demand. It can be seen that their developed
mechanism is similar to the fully-federated model
discussed in Section 4. A market-clearing pricing
mechanism is developed in [14] where a centralized
broker dynamically adjusts a single VM price for the
federation. The proposed model does not assume any
specific pricing scheme for the spot markets, and can
employ that of [14] following resource allocation.

Mihailescu et al. [15] relied on a centralized market
broker in the federation, to which sellers publish
resources and buyers send requests. Le et al. [9]
addressed the cooperation problem among CPs but
from the perspective of load balancing and electricity

consumption. On the other hand, Lee et al. [16] fo-
cused on achieving a better quality of service (QoS)
by the CPs. The problem of allocating the appropriate
cloud provider when considering tasks with deadline
constraints is presented in [17]. Finally, the work in
[18] addresses the consumer’s problem of selecting a
VM reservation plan or request resources on demand
with the objective of reducing the service cost.

In general, existing approaches in the literature are
concerned only with the instantaneous CP gains. To
the best of the author’s knowledge, the presented
work is the first to take into consideration the outcome
of historical and future interactions among the CPs
in making sharing decisions in the federation. This
new generalization leads, as will be shown by the
simulation results, to a higher accumulated profit by
the CPs. The model can also be extended to incorpo-
rate additional constraints for each CP to account for
different issues (e.g., energy consumption).

Economic theories have also been adapted to the
context of resource allocation in the literature (e.g.,
[19], [20]). However, most of the attention of these
approaches has been focused on finding efficient pric-
ing strategies or techniques for solving the centralized
optimization problem of utility maximization in a
decentralized manner. For example, [21] describes a
model of resource seller and buyer agents which
learn from previous resource trades to decide the
exchanged prices for the current resource request.

To the best of the author’s knowledge, the pre-
sented work is the first to address the problem of the
federated CPs long-term revenue maximization given
future workloads uncertainty.

3 PROBLEM FORMULATION

As shown in Fig. 1, we consider a federation N of
|N | = N hybrid cloud providers (CPs), CP1, · · · , CPN .
Each CP, CPi, owns a fixed amount of computational
resources (e.g., CPU and storage) which are sold to
clients as instances of virtual machines (VMs) that are
hosted on the CP’s data centers. For simplicity, we will
focus on a single VM type, with Ci denoting the num-
ber of VM instances that can be hosted by CPi. This
assumption can be easily relaxed by either assuming
a different market for each VM configuration or by
adopting a more elementary resource measure such
as the Amazon EC2 compute units [3], [5] which are
used as the building units for different types of VMs.
Each CP services two classes of clients [22], namely,
guaranteed-service and spot market clients. Those in
the first class pay up-front fees and have pre-defined
contracts with the CP so that they are always guar-
anteed the allocation of their requested VMs. On the
other hand, spot market clients are public-users who
are allowed access to the unused computing resources
over the Internet through remote interfaces (e.g., web-
services) to create and manage VM instances. This
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model is similar to Amazon’s guaranteed and spot
market service classes [5]. These public users can
utilize the spare capacity after assigning sufficient VM
instances to satisfy the guaranteed-service requests.
We assume a discrete time horizon, t = 1, 2, · · · ,
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Fig. 1. The adopted model of the federated clouds

where at the beginning of each time period t (e.g.,
t can represent a one hour period [5]), CPi observes
the total demand of the guaranteed-service clients
di(t), and, in turn, determines the remaining capacity,
ei(t) = Ci − di(t). CPi is then faced with the problem
of determining the number of VMs to offer on the
spot market, wi(t), and that to offer for sharing in the
federation, ei(t)−wi(t), with the difference ei(t)−wi(t)
being negative whenever CPi is outsourcing VMs
from the federation.

As shown by Fig. 1, the VM exchange is coordinated
through the federation broker which performs the
actual VM allocation after the CPs have agreed on
sharing them. The broker relies on the existence of a
virtual infrastructure management architecture (e.g.,
the OpenNebula manager and its external-resource
lease manager Haizea [23]) that manages the VMs life
cycles and encompasses the necessary means for the
configuration of the resources.

Offering VMs to host the federation tasks is free of
charge, hence, no profit is obtained from ei(t)−wi(t).
On the other hand, the revenue obtained from offering
wi(t) on the spot market is ri(wi(t))=wi(t)P (wi(t))
where Pi(wi(t)) is the inverse of the spot market
demand function, i.e., the expected price of a VM
when there are wi(t) VMs offered in the spot market of
CPi. No specific pricing model is imposed, however,
similar to other approaches (e.g., [22]), it is assumed
that ri(wi(t)) is increasing, concave and twice con-
tinuously differentiable with ri(0) = 0. Next, we use
ri(wi(t)) to formally define the CP’s marginal revenue.

Definition 1. The marginal revenue of CPi, r′i(wi(t)),
is the additional revenue generated by an additional VM
instance in its spot market, i.e., r′i(wi(t))=

∂ri(wi(t))
∂wi(t)

.

We note that the spot market client is allowed to
retain the requested VM as long as the consumed

resources are not needed by the CP. Hence, at the be-
ginning of each epoch t, CPi may terminate a spot VM
instance and possibly direct its resources to serve its
guaranteed-service clients or the spot market clients
of other CPs in the federation, without incurring any
additional cost. The CP makes this decision only if it
is more profitable to contribute in the federation. The
advantage to this approach is that it alleviates the CPs’
need to migrate these shared spot market VMs.

Nonetheless, this simple model can be easily mod-
ified to allow a CP to maintain spot market VM
instances whenever it has enough resources borrowed
from other CPs by migrating them to the other
CPs’ clouds. In this case, the revenue function must
be modified to account for the incurred migration
cost, denoted by ci(wi(t) − ei(t)), of the borrowed
wi(t) − ei(t) VMs. The cost function is defined such
that ci(wi(t) − ei(t)) = 0 for wi(t) ≤ ei(t) and is
convex otherwise. In this case, we have ri(wi(t))=
wi(t)P (wi(t))−c(wi(t)−ei(t)), which remains concave
due to the convexity of ci(.).

3.1 A Markovian model of spot market resources

Since the majority of guaranteed-service clients oper-
ate business applications that exhibit strong temporal
and spatial correlations, the CPs can easily charac-
terize their expected VM demands by monitoring
their behavior over a period of time [18], [24]–[27].
By predicting the guaranteed-service clients demands,
the CP can also estimate the unused capacity facili-
tating the decision of selecting wi(t) and the shared
portion ei(t) − wi(t). Motivated by recent advances
in Markovian modeling of the expected workloads
(for example, see [24], [25] and [28]), we model the
transition of the CPs spare capacities as follows.

At each period t = 1, 2, · · · , the observed unused
capacity of the N CPs is described by a state vector
st = (e1(st), · · · , eN (st)). st is drawn from a, possibly
large, finite set S = {s1, · · · , s|S|} and its evolution
follows a Markov process with a probability of tran-
sition from state s ∈ S at t − 1 to a state s′ ∈ S at t
given by π(s′|s)=Pr(st = s′|st−1 = s).

The cloud federation undergoes a change in the
workloads and, in turn, the spare capacity in dis-
crete time epochs, according to a first order Markov
chain described by the state transition matrix Π =
[π(si|sj)], i, j = 1, · · · , |S|, with the state transition
coefficients having the properties: π(si|si) ≥ 0 and∑|S|

j=1 π(sj |si) = 1. With a slight abuse of notation,
st will be used to denote the actual state observed
at t and we will use ht = (s1, s2, · · · , st) to denote
a history of state observation up to time t. More-
over, if we know the state st or history ht at t,
we will refer to the spot market allocation as wi(st)
and wi(ht), respectively. We also note that, unused
capacities at st are history independent, i.e., ei(ht)=
ei(st), ∀i. Moreover, because of the Markov property,
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we can see that the conditional probability π(hτ |ht)
for τ > t is only dependent on the last observed state
st in ht and does not depend on the history before
t, i.e., π(hτ |ht) = π(sτ |sτ−1)π(sτ−1|sτ−2) · · ·π(st+1|st).
Finally, we note that the presented work can easily be
adapted to include other Markovian workload models
(e.g., Markovian Arrival Processes [24]).

4 FULLY- AND NON-FEDERATED MODELS

4.1 Limitation of the fully-federated model
Here, a centralized broker (Fig. 1) is tasked with
redistributing the unused capacities among CPs’ spot
markets with the objective of maximizing the feder-
ation’s total revenues. Termed as socially optimal spot
market allocation, this problem is formulated as follows

Definition 2. The socially optimal spot market allocation,
w1(ht), · · · , wN (ht), after each history ht, is the one that
maximizes the net federation revenue without regard to the
individual CPs gains, i.e., it solves:

P1: max
wi(ht)

N∑
i=1

λi

∞∑
t=1

δt
∑
ht

π(ht)ri(wi(ht)) (1)

s.t. “capacity constraint:”
N∑
i=1

wi(ht) ≤
N∑
i=1

ei(st), (2)

∀ht, ∀t, where δ ∈ (0, 1)1 is the future discount factor and
λi is the normalized exogenous constant weight of CPi in
the federation such that

∑N
i=1 λi = 1.

We note that, the weights λi can be used to express
some service characteristics such as reliability or of-
fered service quality. The following proposition fully
characterizes the solution of P1.

Proposition 1. 2 A VM allocation, w1(ht), · · · , wN (ht),
in the CPs spot markets is the socially optimal allocation for
the federation if all VMs are allocated in the spot markets,
i.e.,

∑N
i=1 wi(st)=

∑N
i=1 ei(st), and for any state st ∈ S ,

the ratios of the marginal revenues, remain constant for
any CPi, CPj i, j = 1 · · · , N , i �= j, after any history of
workload states ht−1 = (s1, · · · , st−1), such that:

r′i(wi(ht))

r′j(wj(ht))
=

r′i(wi(st))

r′j(wj(st))
=

λj

λi
, ∀ht, ∀t (3)

The relation in (3) is typically used to construct
a system of N − 1 equations, that along with (2)
uniquely determines the solution of P1. Note that the
share of VMs for CPi, wi(st), depends only on its
relative weight λi w.r.t. to the other CPs’ weights and
is independent of the history of interactions between
the CPs before t. The above proposition indicates that
the ratios of the CPs’ marginal revenues at each t
is always fixed regardless of the current state which

1. Typically, δ reflects the CPs’ interest in future profits, where a
value approaching zero reflects no interest in future profits.

2. All proofs can be found in Appendix B

determines the number of unused VMs for each CP.
For example, in the case where all CPs share the
same function r(.) and weights λi = λ, the amount
of unused VMs will be distributed equally on their
spot markets, wi = wj , i, j = 1, · · · , N , at each state.

Unfortunately, while this allocation guarantees the
maximum revenue for the federation, there is no in-
centive for individual CPs to cooperate. This situation
is most stringent particularly during off-peak periods
of the CP where it can achieve a much higher revenue
by offering a large number of its VMs in its spot
market. Hence, rational CPs aiming at maximizing
their profit cannot be enforced to cooperate. More
precisely, this sharing rule cannot be enforced if there
exists any state st with at least one CP, say CPi, having
an unused capacity ei(st) such that:

ri(ei(st))− ri(wi(st)) >
∞∑

τ=t+1

δτ−t
∑
hτ

π(hτ |st) (ri(wi(hτ ))− ri(ei(hτ ))) (4)

In Section 5, a new dynamic sharing rule will be
derived to overcome the limited enforcement problem
of the above model.

4.2 Limitation of the non-federated model
In this section, we regard the sharing problem from
the perspective of the individual CPs and characterize
the maximum revenue they can achieve outside the
federation. Each CP, CPi, aims at maximizing its long-
term revenue by solving the following problem:

P2: max
wi(ht)

∞∑
t=1

δt
∑
ht

π(ht)ri(wi(ht)) (5)

subject to the same capacity constraint of (2).
Given the uncertainty in the sharing behavior of the

other CPs, and since ri(.) is monotonically increasing,
it follows that the solution to P2 is simply given by
setting wi(ht) = ei(st). The long-run revenue, Ri(st),
obtained from selling ei(st) VMs in each state st, after
observing st at time t, can be formulated as:

Ri(st) = ri(ei(st)) +
∞∑

τ=t+1

δτ−t
∑
hτ

π(hτ |st)ri(ei(hτ ))

= ri(ei(st)) + δ
∑

st+1∈S
π(st+1|st)Ri(st+1) (6)

The model described by P2 guarantees the maximum
long-term revenue for a CP outside a federated model
since it will offer all available VMs in the spot market.
However, the revenue gain is not necessarily higher
than what could have been obtained had it opted to
work within the federation. In addition, the above
solution does not achieve the best performance in
terms of a smooth spot VM availability and prices
since the VM availability will depend only on the
usage pattern of the guaranteed-service users.
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4.3 A Game-theoretic Framework
The proposed approach is motivated by the observa-
tion that the behavior of the CPs in the above two
models represents two extreme forms of a strategy
adopted by players in a game of sharing unused VMs.
Recognizing this fact enables us to reformulate the
problem in a more general setting that alleviates the
limitations of the above two models.

In game theory [29], a stage game is typically de-
fined by a triplet consisting of a set of players, strate-
gies and payoffs, where the players are assumed to be
rational agents aiming at maximizing their payoffs. In
our setting, the set of N CPs represents the players
and the strategies are represented by the allocations
of VMs to the spot markets, (wi(st))

N
i=1, while the rev-

enue functions (ri(wi(st)))
N
i=1 represent their payoffs.

Hence, at each time epoch, t, and after observing the
current state, st = (e1(st), · · · , eN (st)), the CPs engage
in the game 〈N , (wi(st))

N
i=1, (ri(wi(st)))

N
i=1〉 by decid-

ing the best strategies to maximize their revenues. The
game solution represented by the player’s strategies
where no player has an incentive to deviate from its
chosen strategy after considering all other players’
strategies is called a Nash Equilibrium (NE) [29].

Definition 3. A VM allocation decision, (wi(st))
N
i=1 at a

state st is a NE if every CP cannot increase its revenue by
unilaterally changing its spot market allocation, i.e., there
is no other feasible allocation (w1(st), · · · , ẁi(st) · · · ,
wN (st)), such that ri(ẁi(st)) > ri(wi(st)).

Clearly, the solution to P2 represents a strategy in
which every CP shares nothing with the federation.
Since no CP gains from lending its resources, this
strategy, i.e., wi(st)=ei(st) ∀i, is the unique NE solu-
tion to this game. Next, a more general formulation
which can lead to higher revenues while avoiding
the enforcement limitation of P1 and the long-term
revenue loss in that of P2 is presented.

5 SELF-ENFORCING COOPERATION

The proposed repeated game mechanism for VMs
sharing borrows from the economic model of risk-
sharing introduced by Ligon et al. [30], [31]. Using
this model, we demonstrate that if the CPs engage
in a repeated sequence of the previously described
stage game, where their strategies become history-
dependent, they can achieve a long-term revenue that
is always better than that obtained by (6). Hence,
overcoming the limitation of the non-federated model.
The obtained results can be intuitively understood
as follows; CPs who have excess VMs during peri-
ods of low-demand of guaranteed-services class can
voluntarily share ei(t) − wi(t) to build a model of
informal insurance against the risk of future peaks in
the workload. Such an informal insurance, commits
other CPs, already borrowing some VMs to host their
jobs from that CP, to play the reverse role when they

have spare resources. While such an informal contract
is not explicitly enforced, the CPs with higher capacity
at each state are bound to commit in these interactions
due to the risk of future peak workloads and with the
threat of a simple grim trigger punishment strategy
[31]. This strategy threatens a CP which refuses to
share spare VMs, when it is supposed to, by allowing
all other CPs to revert to the non-cooperative NE
strategy, outlined in the previous section, for the rest
of the game. Hence, the result of non-cooperation at
one period is that the CP’s future revenue will be
reduced to (6) thereafter. In this manner, the problem
of lacking the sharing enforcement encountered by the
fully-federated approach, introduced in Section 4, is
also solved in the proposed mechanism.

Moreover, as will be demonstrated, this sharing
mechanism can be carried out in a distributed manner,
where each CP voluntarily determines the amount of
VMs to contribute to or lend from the federation. The
broker needs only to perform the actual allocation
of VMs. The already sketched game will be now
described in more details.

5.1 Subgame perfect spot allocations
In the repeated game setting, the CPs are interested
in finding a subgame-perfect Nash Equilibrium (SPNE).

Definition 4. A subgame-perfect Nash Equilibrium
(SPNE) is a strategy that is a NE for the CPs in every
subgame (i.e, up to any history ht) of the original game.

Clearly, the solution to the non-federated model
described by (P2), where each CP offers all its VMs in
the spot market, i.e., wi(ht) = ei(st), is also an SPNE.
In what follows, we aim at finding a better SPNE that
guarantees that each CP’s revenue is at least equal to,
if not better than, its non-federated payoff.

In other words, we search for an SPNE strategy
that should determine the amount of VMs to offer
in the spot market wi(ht) at time t, and to share in
the federation ei(st)−wi(ht) after observing a history
of states ht. The goal of this strategy is to maximize
the Federation’s expected revenue while guaranteeing
the participation of the CPs, or, in other words, while
ensuring the self-enforcement of these strategies. This
is achieved by ensuring that each CP’s long-term
revenue is at least equal to that obtained if it opted-out
of the federation. Mathematically, this problem can be
formulated as follows.

P3: max
wi(ht)

N∑
i=1

λi

∞∑
t=1

∑
ht

δtπ(ht)ri(wi(ht)) (7)

subject to

ri(wi(st)) +
∞∑

τ=t+1

∑
hτ

δτ−tπ(hτ |ht)ri(wi(hτ )) ≥ Ri(st),

(8)
∀i, ∀st, ∀ht and the capacity constraints (2).
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We refer to the constraints defined in (8) as the
federation commitment constraints. We also say that
a commitment constraint for CPi at state st binds
if it is satisfied with strict equality. The following
proposition characterizes the solution to P3.

Proposition 2. A VMs sharing strategy, (wi(ht))
N
i=1,

in the infinitely repeated game 〈N , (wi(st))
N
i=1,

(ri(wi(st)))
N
i=1〉 that solves P3 is an SPNE.

Solving P3 can be carried out by first considering
its Lagrangian which is given by,

∞∑
t=1

∑
ht

[
δtπ(ht)

N∑
i=1

λiri(wi(ht))+ζ(ht)

N∑
i=1

(ei(ht)−wi(st))

+ ηi(ht)

( ∞∑
τ=t

∑
hτ

δτ−tπ(hτ |st)ri(wi(hτ ))−Ri(st)

)]
.

Here, ζ(ht) ≥ 0 denotes the multiplier on the capacity
constraints (2) at state st after history ht and ηi(ht) ≥ 0
denotes the multiplier on the commitment constraint
of CPi at ht. To proceed with the solution, noting that
π(hτ ) = π(hτ |st)π(st), the first-order condition with
respect to wi(ht) can be written as,

δtπ(ht)r
′
i(wi(ht))

(
λi +

t∑
τ=1

ηi(hτ )

δτπ(sτ )

)
= ζ(ht) (9)

which yields the following ratio between the CPs’
marginal revenues:

r′i(wi(ht))

r′j(wj(ht))
=

λj +
∑t

τ=1
ηj(hτ )
δτπ(sτ )

λi +
∑t

τ=1
ηi(hτ )
δτπ(sτ )

≡ λj(ht)

λi(ht)
, (10)

i, j = 1, · · · , N , such that
∑N

i=1 λi(ht) = 1. The ob-
tained λi(ht) represents the new normalized relative
weight of CPi in the federation after a history ht. If
λi(ht) is known for i = 1, · · · , N , then a solution to P3
using (10) along with the capacity constraint (2) can
be obtained. According to Proposition 2, this solution
represents the SPNE strategies for the CPs.

In contrast to the fixed ratio between the marginal
revenues (3) obtained for P1, the solution in (10)
shows that, in the proposed mechanism, the ratio
is dynamically updated based on the history of in-
teractions among the CPs during previous states
s1, s2, · · · , st−1 up to st. More precisely, the ratio of
the marginal revenues between any two CPs, CPi and
CPj at each time, λj(ht)

λi(ht)
, is determined by the initial

exogenous weights, λi and λj , along with a trail of
multipliers ηk(h1), ηk(h2), · · · , ηk(ht), k = 1, · · · , N ,
for all the observed states up to t. There are two
possible cases for each ηi(ht), either ηi(ht) = 0 which
means that the corresponding constraint is relaxed or
ηi(ht) > 0, reflecting a satisfied constraint with strict
equality. The first case (i.e., ηi(ht) = 0) means that at
st the obtained wi(ht) makes the left hand side of (8)
strictly larger than Ri(st). This can happen when there
is an allocation wi(ht) that is larger than the actual

unused capacity ei(st). This must correspond to CPi

borrowing VMs from some CPj . In turn, this situation
must be reducing CPj ’s revenue up to the lowest
permissible value that allows CPj to participate in the
federation. CPj ’s spot share wj(ht) in this case must
be such that its expected revenue does not decrease
below the revenue obtained outside the federation,
Rj(st). Hence, in this case wj(ht) will satisfy (8)
with strict equality with the corresponding multiplier
ηj(ht) > 0. The second case of ηi(ht) > 0 with some
other CPj having ηj(ht) = 0 reflects the same scenario
with the borrowing and lending roles of CPi and
CPj reversed. A third possible scenario is where all
CPs, CPi, i = 1 · · · , N , are in a state st were their
current shares ensure a revenue larger than (6), due
to cooperation, by being given a promise of better
future revenues, and we have ηi(ht) = 0, i = 1, · · · , N .
Finally, the case where both ηi(ht), ηj(ht) are positive
must involve at least another CP, CPk with ηk(ht) = 0
borrowing resources from CPi and CPj .

As these multipliers accumulate along the history of
interactions ht, they clearly guide the sharing among
the CPs to maintain the satisfaction of their commit-
ment constraints and hence, the self-enforceability of
the SPNE strategies. Appendix A presents an illustra-
tive example of the interactions among two CPs.

The next section demonstrates how a simple update
rule can be employed to summarize CPi’s efficient
SPNE strategy through a recursive formulation.

6 RECURSIVE FORMULATION

To obtain a solution for P3, the ratios of the marginal
revenues in (10), λj(ht)

λi(ht)
, must be computed and em-

ployed to generate a system of N − 1 equations
for the unknowns wi(ht). Combining those equations
with the capacity constraint at equality (2) provides
a system whose unique solution would serve as the
strategy adopted by the CPs. The difficulty with
this approach, however, is that the problem becomes
quickly intractable due to the exponential growth of
the dimension of the histories ht.

Fortunately, using the Markov properties of the
workload, this problem can be cast as a recursive one,
which yields a simple update rule to compute ratios of
the CPs’ marginal revenues at t, λj(ht)

λi(ht)
. We first begin

with the derivation of the update rule.
By the definition of the normalized dynamic

weights, we have

λi(h1) =
λi +

ηi(h1)
δπ(s1)∑N

j=1(λj +
ηj(h1)
δπ(s1)

)
=

λi +
ηi(h1)
δπ(s1)

1 +
∑N

j=1
ηj(h1)
δπ(s1)

(11)

then λi(ht) can also be defined recursively by

λi(ht) =
λi(ht−1) +

ηi(ht)
δπ(st)

1 +
∑N

j=1
ηj(ht)
δπ(st)

, t > 1 (12)
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i.e., it is not necessary to carry the history of all
past values for ηi(.) to find λi(ht). Instead, only the
previous value λi(ht−1) and the current multiplier
values ηi(ht), i = 1, · · · , t are sufficient.

In the following analysis, we show that it is not
even necessary to explicitly compute ηi(ht) at st+1

to find λi(ht+1); only the value λi(ht) can be used
in a simple update rule to determine λi(ht+1). To
derive this rule, we first show that at any given state,
st, λi(ht), or the normalized weight of CPi in the
federation is bounded.

Proposition 3. In the infinitely repeated game 〈N ,
(wi(st))

N
i=1, (ri(wi(st)))

N
i=1〉, at any state st = s, the

normalized relative weight of the marginal revenue of any
CP, CPi, in the SPNE strategies is always bounded such
that λs

i ≤ λi(ht) ≤ λ̄s
i , where the bounds λs

i and λ̄s
i are

only state-dependent constants.

A useful corollary follows immediately from the
above proposition.

Corollary 1. In the infinitely repeated game 〈N ,
(wi(st))

N
i=1, (ri(wi(st)))

N
i=1〉, at any state st = s, the

normalized relative weight of the marginal revenues for
any CP, CPi, in the SPNE, λi(ht) = λs

i if, and only
if, the commitment constraint (8) for CPi binds. Also,
λi(ht) = λ̄s

i if, and only if, the commitment constraints
(8) for all CPj , j �= i bind.

The above results furnish the basis for the following
update rule.

Proposition 4. In the infinitely repeated game 〈N ,
(wi(st))

N
i=1, (ri(wi(st)))

N
i=1〉, the normalized weight of the

marginal revenue of any CP, CPi, i = 1, · · · , N , in the
SPNE strategies, follows the following update rule,

λi(ht)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

= λs
i λi(ht−1) ≤ λs

i

= λi(ht−1) λs
j < λj(ht−1) < λ̄s

j∀j
∈ [λs

i , λi(ht−1)] λs
i < λi(ht−1) < λ̄s

i

∧∃j s.t. λj(ht−1) < λs
j

= λ̄s
i λi(ht−1) ≥ λ̄s

i

(13)

given an initial federation weight λi(h0) = λi.

Thus, given a current state st, the variables λi(ht),
i = 1, · · · , N , can be used in (10) to obtain N − 1
equations in the unknowns w1(ht), · · · , wN (ht) which
along with (2), at equality, are sufficient to obtain the
CPs spot allocations strategies, w1(ht), · · · , wN (ht).
The next section presents a computational procedure
aimed at numerically approximating λi(ht).

7 NUMERICAL COMPUTATION

The goal of this section is to find the numerical
values for the bounds λ̄s

i and λs
i needed for numerical

computations, through formulating P3 from the per-
spective of a single CP aiming at maximizing its profit,
using the derived recursive relation (12). More pre-
cisely, we show that CPi can cast its strategy update

problem in the form of a Bellman equation [30] that
is solved iteratively. We first proceed by noting that,
from the system in (10) and the capacity constraint
(2), wi(ht) can be regarded as an implicit function of
λi(ht−1) and the state st, in the sense that knowledge
of the latter ones can be used to calculate the for-
mer. This observation can be stated by rewriting the
revenue function ri(wi(ht)) as ri(wi(λi

t−1), st), where
λi

t−1 ≡ λi(ht−1). The basic idea of using the Bellman
equation is the ability to transform our optimization
problem that has an infinite time dimension into a
state-dependent smaller optimization problem where
we only focus on finding the solution wi(st) for the
current state st. Since, this decision also affects the
selected strategies in the future states, we also need
to find the optimal value for the new variable λi

t

to maintain optimal decisions in the next state st+1

and so on. To this end, the following steps follow the
standard derivation procedure for Bellman equation
for stochastic problems [30].

Given initial state s1, and initial weights λi
0 = λi,

then from CPi’s perspective, P3 is equivalent to

Ri(λi
0, s1) ≡ max

wi

ri(wi(λi
0), s1)

+

∞∑
t=2

∑
ht

δt−1πht
st ri(wi(λi

t−1), st) (14)

subject to (8) and (2), where Ri(λi
t−1, st) is CPi’s ex-

pected long-term revenue at t starting at s1, and πb
a =

π(b|a). It can be shown that, in general, Ri(λi
t−1, st),

can be cast recursively,

Ri(λi
t−1, st) = max

wi

ri(wi(λi
t−1), st)

+
∑
st+1

δπst+1
st Ri(λi

t, st+1)) (15)

Similarly, (8) can be recast recursively as,

ri(wi(λi
t−1), st) + δΣst+1π

st+1
st Ri(λi

t, st+1) ≥ Ri(st)
(16)

Solving (15) s.t. (16) can be done using iterative meth-
ods [30], [32] to obtain the optimal values of wi(.) and
λi

t. Appendix C describes details pertaining to the
dynamic program that solves this problem.

8 PERFORMANCE EVALUATION

The employed simulation environment models a fed-
eration of three CPs, all offering a single type of
VMs with the following configurations: 1 CPU core,
1.7 GB RAM, 1 EC2 Compute Unit, and 160 GB of
local storage, which is similar to that of Amazon EC2
small instances [5]. Following Toosi et al. [12], each
CP is equipped with 128 servers, each supporting
8 VMs. So, each provider’s capacity is Ci = 1024.
All CPs follow a dynamic pricing mechanism for the
spot market according to the market demand. Since
there is no available information for Amazon EC2
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pricing mechanism, rather only an expected range of
0.02 − 0.085 dollars per hour per VM, we followed
the approach of Zhang et al. [13] in constructing
ri(wi(t)) = wi(t).P (wi(t)) from a common piecewise-
linear pricing function P (wi(t)) in the number of
VMs. P (wi(t)) was constructed such that the VM price
range falls within the interval 0.02−0.085. The exper-
iments simulated 6 weeks of operation. The workload
of the guaranteed-service users was constructed such
that each CP may experience 3 possible states of
workloads termed as low (l), medium (m) and high
(h) with an average spare capacity to host 100, 300
and 800 spot market and/or federation VMs in these
states, respectively, for CP1, 100, 400 and 900 for CP2

and 150, 400 and 950 for CP3, respectively. Hence,
at each time t, the federation workload state may be
described by one of the possible 27 states. The state
transition matrix between states was generated ran-
domly from a normal distribution and normalized to
satisfy the transition matrix properties. The dynamic
programming problem in (15) and (16) was solved
using Matlab once to obtain the intervals and the
weights of the CPs in Proposition 4. These values were
then used to calculate the VMs shares using (10) and
(2) at each time step.

Federation and CPs revenues: Fig. 2 depicts a
comparison of the accumulated federation revenue
after 6 weeks of operation using the proposed scheme
against that obtained by the fully-federated and non-
federated models for δ = 0.9 and 0.98. When the
CPs are sufficiently patient, with a corresponding δ =
0.98, and hence associating a higher weight to future
revenue, the accumulated revenue in the proposed
scheme coincides with the maximum possible gain of
the federation which is obtained by the fully-federated
model. As δ decreases, the CPs preference for more
instantaneous gains at each state starts to increase,
leading to states where the CPs are less interested
in sharing their resources and the number of hosted
VMs of other providers decreases. This indicates that
the federation’s total revenue decreases gradually as
δ decreases. Table 1 gives a comparison between the
achieved mean and variances of the hourly federation
revenue for the three mechanisms for δ = 0.9. The
values show a significant increase in the mean of
the hourly revenue and a reduction of approximately
40% for its variance compared to the non-federated
approach.

Fig. 3 also demonstrates the efficiency of the pro-
posed scheme from the perspective of individual CPs.
As shown by the graphs, the increase of the 6 week
revenue between the proposed and non-federated
mechanisms reaches approximately 4000 and 2000
dollars for CP1 and CP3, respectively, for δ = 0.9.

Spot market pricing and workloads: Two major
performance issues for CPs’ spot markets are the
unpredictability of VM availability and the high vari-
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Fig. 2. Federation accumulated revenue

TABLE 1
The federation hourly revenue

Fully-federated Non-federated Proposed
mean 70.4 61.6 68.2

variance 13.84 21.324 14.813
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Fig. 4. The hourly spot markets workloads

ance in the VM hourly prices. These two problems
are easily detected from the performance of the non-
federated mechanism in Figs. 4 and 5 which provide
a 60 hours snapshot of the operation of the CPs’
spot markets. The effects of price fluctuation in the
non-federated strategy are also reflected by similar
fluctuations in the hourly revenue as shown in Fig.
6. For example, consider the spot market of CP3,
where we can easily see that a sudden decrease of
workloads due to a decrease in the VM availability
from 950 VMs at t = 18 to 150 spot VMs at t = 19
(Fig. 4(c)) results in a VM price spike from less than
$0.02 to almost $0.06 dollars (Fig.5(c)). In contrast,
the proposed mechanism significantly smoothes the
fluctuations in the workloads due to the large variance
in the VM availability. Taking for example, the same
time points, we can see that at hours t=18 and 19, the
number of VMs in the spot market for CP3 is around
350 and 450 with corresponding prices set at 0.035
and 0.04 dollars, respectively. Here, the CPs almost
equally divide their VM shares at each step. As δ = 0.9
is large enough, both CPs have a value, high enough,
for future revenue to self-enforce the best outcome
of the game which is that imposed originally by the
fully-federated model. This smoothing effect is clearly
demonstrated through the achieved low variance in
the CPs resource availability in their spot markets, and
in turn CP workloads, pricing and hourly revenue, as
indicated by the three sections in Table 2, respectively.
The obtained values demonstrate how the proposed
scheme effectively reduced the variance in the prices
and workloads by more than 50%.

It is important to notice that although the spike
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Fig. 5. Hourly spot markets VM prices (dollars)

in the pricing in the case of the non-federated
scheme may achieve a higher instantaneous revenue,
as shown in Fig. 6, the long-term achieved revenue
for the proposed scheme is always guaranteed to be
at least equal to that obtained by the non-federated
mechanism due to the commitment constraints (8).
Furthermore, as indicated by Fig. 3, a much higher
revenue can always be achieved if the CPs maintain
a higher value (δ) for future revenues.

TABLE 2
Spot markets behavior

W
or

kl
oa

d
(V

M
in

st
an

ce
s/

ho
ur

) CPi Fully-federated Non-federated Proposed

m
ea

n CP1 462 413 455
CP2 462 460 459
CP3 462 460 462

va
r.

CP1 146 300 155
CP2 146 334 165
CP3 146 312 168

V
M

pr
ic

e
(¢

/h
ou

r) m
ea

n CP1 3.187 3.94 3.4
CP2 3.187 3.57 3.28
CP3 3.187 3.87 3.35

va
r.

CP1 0.97 2.3 1.07
CP2 0.97 2.09 1.07
CP3 0.97 1.7 1.01

re
ve

nu
e

($
/h

ou
r) m
ea

n CP1 23.47 19.3 22.2
CP2 23.47 22.87 23.5
CP3 23.47 21.06 22.67

va
r.

CP1 4.7 9.95 5.3
CP2 4.7 10.06 5.7
CP3 4.7 9.027 5.29
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9 CONCLUSION AND FUTURE WORK

This article presented a novel model for capacity
sharing in a federation of IaaS CPs, via modeling the
interactions among CPs as a repeated game of VM
outsourcing with the option of offering all unused
capacity in the spot market. Performance evaluation
results quantified the profit gained by the federation
as well as by individual CPs and demonstrated sig-
nificant smoothing effects on the spot market prices.
In future, we plan to extend the proposed model to
achieve full decentralization.
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